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Abstract
Let (Z, h) be an arbitrary Hausdorff compactification of a Tychonoff space X, D = {f | f = ◦f ◦ h, ◦f ∈ C(Z)} and let BD
be the collection of all finite unions of all nonempty finite intersections of elements of C = {f−1([a, b]) | a, b ∈ R, a < b, f ∈ D
and f−1([a, b]) = ∅}. Then BD is a base for the closed sets of X, and is called a C∗D-base for X induced by D. This paper will
show that (Z, h) can be obtained from the C∗D-base BD for X by a modified Wallman method.
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1. Introduction
Let (Z, h) be an arbitrary Hausdorff compactification of a Tychonoff space X, D = {f | f = ◦f ◦ h, ◦f ∈
C(Z)} and let BD be the collection of all finite unions of all nonempty finite intersections of elements of C =
{f −1([a, b]) | a, b ∈ R, a < b, f ∈ D and f −1([a, b]) = ∅} ∪ {f −1((−∞, a]) | a ∈ R, f ∈ D and f −1((−∞, a]) =
∅} ∪ {f −1([a,∞)) | a ∈ R, f ∈ D and f −1([a,∞)) = ∅}. The collection of all basic BD-filters E (which, in general,
are not BD-ultrafilters) on X is used as the elements of the space (Xw,I) that X is embedded in as a dense subspace,
where τ = {F ∗ | F ∈ BD} is a base for the closed sets of Xw , F ∗ = {E ∈ Xw | F ∩ T = ∅ for all T ∈ E} and I is
the topology induced by τ . It can be shown that (Xw,I) is compact Hausdorff and homeomorphic to Z. Thus, an
arbitrary Hausdorff compactification (Z, h) of X can be obtained from BD by a modified Wallman method which will
be described in the following sections.
For conveniences, throughout this paper, the notation [T ]<ω will denote the collection of all finite subsets of a
given set T . For other notations and the terminologies in general topology which are not explicitly defined in this
paper, the readers will be referred to [1].
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For a topological space X, let C∗(X) be the family of bounded real-valued continuous functions on X and let
D ⊆ C∗(X).
Theorem 2.1. Let F be a filter on a topological space X. Then for each f ∈ D, there exists r ∈ Cl(f (X)) such that
f −1((r − ε, r + ε)) ∩F = ∅ for any F ∈F and any ε > 0. (See Lemma 9 in [2, p. 1298].)
Proof. If the conclusion is not true, then there is an f ∈ D so that for each rt ∈ Cl(f (X)), there exist an F t ∈F and
an εt > 0 such that F t ∩f −1((rt −εt , rt +εt )) = ∅. Since Cl(f (X)) is compact and Cl(f (X)) ⊂⋃{(rt −εt , rt +εt ) |
rt ∈ Cl(f (X))}, there exist r1, . . . , rn in Cl(f (X)) such that X = f −1(Cl(f (X))) =⋃{f −1((ri − εi, ri + εi)) | i =
1, . . . , n}. Let F 0 =⋂{F i | i = 1, . . . , n}, then F 0 ∈ F and F 0 = F 0 ∩ X ⊆⋃{[F i ∩ f −1((ri − εi, ri + εi))] | i =
1, . . . , n} = ∅; i.e., ∅ = F 0 ∈F , contradicting that ∅ /∈F . 
Corollary 2.2. Let P be an open ultrafilter on X. Then there exists a unique rf ∈ Cl(f (X)) for each f ∈ D such that
for any H ∈ [D]<ω and any ε > 0, ⋂f∈H f −1((rf − ε, rf + ε)) ∈ P . Thus,
⋂
f∈H f −1((rf − ε, rf + ε)) = ∅ for
any H ∈ [D]<ω and any ε > 0.
Proof. It is obvious from Theorem 2.1 and the result 12E.3 in [1, p. 83] that for any H ∈ [D]<ω and any ε > 0,⋂
f∈H f −1((rf − ε, rf + ε)) ∈ P , and thus,
⋂
f∈H f −1((rf − ε, rf + ε)) = ∅. For the uniqueness of rf for each f ∈
D: If there exist rf , tf in Cl(f (X)) for some f ∈ D such that rf = tf and f −1((rf −ε, rf +ε)), f −1((tf −ε, tf +ε))
are in P for all ε > 0. Pick a δ with 0 < δ < |rf − tf |/3. Then ∅ = f −1((rf − δ, rf + δ))∩f −1((tf − δ, tf + δ)) ∈P ,
contradicting that ∅ /∈P . 
Corollary 2.3. Let F be a closed ultrafilter on X. Then there exists a unique rf ∈ Cl(f (X)) for each f ∈ D such that
for any H ∈ [D]<ω and any ε > 0,⋂f∈H f −1([rf − ε, rf + ε]) ∈F . Thus,
⋂
f∈H f −1([rf − ε, rf + ε]) = ∅ for any
H ∈ [D]<ω and any ε > 0.
Therefore, for a given open ultrafilter P (or closed ultrafilter F ), there exists a unique rf ∈ Cl(f (X)) for each
f ∈ D such that for any H ∈ [D]<ω, ε > 0,⋂f∈H f −1((rf − ε, rf + ε)) = ∅ (or
⋂
f∈H f −1([rf − ε, rf + ε]) = ∅).
The families V = {⋂f∈H f −1((rf − ε, rf + ε)) |
⋂
f∈H f −1((rf − ε, rf + ε)) = ∅ for any H ∈ [D]<ω, ε > 0} and
K = {⋂f∈H f −1([rf − ε, rf + ε]) |
⋂
f∈H f −1([rf − ε, rf + ε]) = ∅ for any H ∈ [D]<ω, ε > 0} will be called an
open and a closed C∗D-filter bases, respectively. If for all f ∈ D, rf = f (x) for some x ∈ X, then V and K are called
the open and closed C∗D-filter bases at x and denoted by Vx and Kx , respectively. Let A˚, A˚x , E and Ex be the open
and closed filters generated by V, Vx , K and Kx , respectively, then A˚, A˚x , E and Ex are called a basic open C∗D-
filter, the basic open C∗D-filter at x, a basic closed C∗D-filter and the basic closed C∗D-filter at x, respectively. From
Corollaries 2.2 and 2.3, Corollary 2.4 can be readily proved, we omit the proof here.
Corollary 2.4. Let P and F be an open and a closed ultrafilters on a topological space X, respectively. Then there
exist a unique basic open C∗D-filter A˚ and a unique basic closed C∗D-filter E on X such that A˚ ⊆P and E ⊆F .
3. C∗D-base BD and C∗D-space Xw
From this section on throughout this paper, without explicitly specifying otherwise, X is a Tychonoff space. Let D
be a sub-collection of C∗(X) such that D separates points of X and the topology on X is the weak topology induced
by D.
Let BD be the set defined in Section 1. It is clear that the family of the complements of members of BD is a base
for the open sets of X. Thus, we have the following Lemma 3.1.
Lemma 3.1. BD is a base for the closed sets of the topology on X.
H.J. Wu, W.-H. Wu / Topology and its Applications 155 (2008) 1163–1168 1165The base BD is called the C∗D-base for X. For a closed C∗D-filter base K on X, K is a BD-filter base on X and
is called a BD-filter base. Let E be the BD-filter generated by K, then E is called a basic BD-filter on X. If K = Kx
for some x ∈ X, then Kx is called the BD-filter base at x, and the BD-filter Ex generated by Kx is called the basic
BD-filter at x.
Let Xw = {E | E is a basic BD-filter on X}.
Definition 3.2. For each F ∈ BD , let F ∗ = {E ∈ Xw | F ∩ T = ∅ for all T ∈ E}.
Lemma 3.3. For any two nonempty closed sets E and F in BD ,
(i) E ⊆ F iff E∗ ⊆ F ∗,
(ii) (E ∩ F )∗ ⊆ (E∗ ∩ F ∗), and
(iii) (E ∪ F )∗ = (E∗ ∪ F ∗).
Proof. (i) For (E∗ ⊆ F ∗) ⇒ (E ⊆ F ): If E∗ ⊆ F ∗ and E  F , then there is a point x ∈ E − F . Pick a H ∈ [D]<ω
and an ε > 0 such that
⋂
f∈H f −1((f (x)− ε,f (x)+ ε)) ⊂ X −F . Let S =
⋂
f∈H f −1([f (x)− ε/2, f (x)+ ε/2]),
then S ∈ Kx ⊂ Ex , S ∩F = ∅ and x ∈ E ∩T = ∅ for all T ∈ Ex . These imply that Ex ∈ E∗ and Ex /∈ F ∗, contradicting
that E∗ ⊆ F ∗. For the other direction of implication, it is obvious from Definition 3.2.
For (ii), it can be readily proved from (i).
(iii) For (E∪F )∗ ⊆ (E∗ ∪F ∗): If E ∈ (E∪F )∗ and E /∈ E∗ ∪F ∗, then there exist T 1, T 2 ∈ E such that E∩T 1 =
F ∩ T 2 = ∅. Since T 1 ∩ T 2 ∈ E and (E ∪ F ) ∩ (T 1 ∩ T 2) ⊂ (E ∩ T 1) ∪ (F ∩ T 2) = ∅. Thus, E /∈ (E ∪ F )∗,
contradicting the assumption. For the other direction of inclusion, it can be readily proved from (i). 
Lemma 3.4. Let τ = {F ∗ | F ∈ BD}, then τ is a base for the closed sets of Xw .
Proof. Let G = {Xw − F ∗ | F ∗ ∈ τ }. We show that G is a base for the open sets of Xw . For (a) of Theorem 5.3 in
[1, p. 38], let E ∈ Xw , and let K be the BD-filter base that generates E . Since D separates points of X, there exist an
f ∈ D and a δ > 0 such that S = f −1([rf − δ, rf + δ]) ∈ K ⊂ E and X − f −1((rf − 2δ, rf + 2δ)) = ∅. Otherwise,
for all f ∈ D and all δ > 0, X − f −1((rf − 2δ, rf + 2δ)) = ∅ implies that for all f ∈ D, f (X) = rf ; i.e., D does
not separate points of X, contradicting the assumption on D. Let E = f −1((−∞, rf − 2δ]) ∪ f −1([rf + 2δ,∞)).
Then E = ∅, E ∈ BD , S ∈ E and E ∩ S = ∅. These imply that E ∈ Xw − E∗. So, Xw =⋃{(Xw − F ∗) | F ∈ BD}.
For (b), if E ∈ (Xw − E∗) ∩ (Xw − F ∗) for (Xw − E∗), (Xw − F ∗) ∈ G, then E ∪ F is in BD , (E ∪ F )∗ ∈ τ and
(Xw − E∗) ∩ (Xw −F ∗) = Xw − (E ∪ F )∗ ∈ G. Thus, E ∈ Xw − (E ∪F )∗ ⊆ (Xw −E∗) ∩ (Xw −F ∗). 
Equip Xw with the topology I induced by τ , then (Xw,I) will be called a C∗D-space. For each f ∈ D, let
f ∗ : Xw → R be defined by f ∗(E) = rf , if f −1([rf − ε, rf + ε]) ∈ K ⊂ E for all ε > 0, where E is generated
by K. From Corollary 2.3, the rf is unique in Cl(f (X)) for each f ∈ D. Thus, f ∗ is well-defined for each f ∈ D.
Furthermore, for each x ∈ X, since f −1([f (x) − ε,f (x) + ε]) ∈ Ex for all f ∈ D and all ε > 0, thus f ∗(Ex) = f (x)
for all f ∈ D.
Lemma 3.5. For each f in D, let r ∈ Cl(f (X)), then (f −1([r − δ, r + δ]))∗ ⊆ f ∗−1((r − ε, r + ε)) ⊆ (f −1([r − ε,
r + ε]))∗ for any ε > δ > 0.
Proof. First, we show that (f −1([r − δ, r + δ]))∗ ⊆ f ∗−1((r − ε, r + ε)): For E ∈ (f −1([r − δ, r + δ]))∗, let f ∗(E) =
tf , then f −1([r − δ, r + δ]) ∩ f −1([tf − γ, tf + γ ]) = ∅ for all γ > 0, where f −1([tf − γ, tf + γ ]) ∈ K ⊂ E for all
γ > 0. So, [r − δ, r + δ] ∩ [tf − γ, tf + γ ] = ∅ for all γ > 0; i.e., f ∗(E) = tf ∈ [r − δ, r + δ] ⊆ (r − ε, r + ε), so
E ∈ f ∗−1((r − ε, r + ε)). Next, we show that f ∗−1((r − ε, r + ε)) ⊆ (f −1([r − ε, r + ε]))∗: For E ∈ f ∗−1((r − ε,
r + ε)), let f ∗(E) = tf , then tf ∈ (r − ε, r + ε). Pick a δ > 0 such that [tf − δ, tf + δ] ⊂ [r − ε, r + ε], then
f −1([tf − δ, tf + δ]) ⊂ f −1([r − ε, r + ε]). Since f −1([tf − δ, tf + δ]) ∈ E , thus f −1([r − ε, r + ε]) ∈ E and
therefore, E ∈ (f −1([r − ε, r + ε]))∗. 
Proposition 3.6. For each f ∈ D, f ∗ is a bounded real-valued continuous function on Xw .
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Xw . For the continuity of f ∗: For any E ∈ Xw , let f ∗(E) = tf . We show that for any ε > 0, there is an open set
U such that E ∈ U ⊂ f ∗−1((tf − ε, tf + ε)). Let E = f −1((−∞, tf − ε/2]), F = f −1([tf + ε/2,∞)) and U =
Xw−(E∪F )∗. Since f −1([tf −γ, tf +γ ]) ∈ E for all γ > 0, thus, [f −1([tf −ε/3, tf +ε/3]) ∈ E and f −1([tf −ε/3,
tf + ε/3]) ∩ (E ∪ F ) = ∅]. Hence E ∈ Xw − (E ∪ F )∗ = U . Next, for any Es ∈ U , pick a H ∈ [D]<ω and a δ > 0
such that T =⋂f∈H f −1([sf − δ, sf + δ]) ∈ Ks ⊂ Es and T ∩ (E ∪ F ) = ∅. These imply that T ⊂ X − (E ∪ F ) =
f −1((tf − ε/2, tf + ε/2)) ⊂ f −1([tf − ε/2, tf + ε/2]); i.e., f −1([tf − ε/2, tf + ε/2]) ∈ Es . So, by Lemma 3.5,
Es ∈ f −1([tf − ε/2, tf + ε/2])∗ ⊂ f ∗−1((tf − ε, tf + ε)). Hence, E ∈ U ⊂ f ∗−1((tf − ε, tf + ε)). 
Let D∗ = {f ∗ | f ∈ D}. Then D∗ ⊆ C∗(Xw).
Lemma 3.7. D∗ separates points of Xw .
Proof. For Es , Et in Xw such that Es = Et , let Ks = {⋂f∈H f −1([sf − ε, sf + ε]) |
⋂
f∈H f −1([sf − ε, sf + ε]) =∅ for any H ∈ [D]<ω, ε > 0} and similarly for Kt . Since Es = Et implies that sg = tg for some g in D, where
g−1([sg − δ, sg + δ]) ∈ Ks ⊂ Es and g−1([tg − δ, tg + δ]) ∈ Kt ⊂ Et , for all δ > 0. Thus, by the definition of g∗,
g∗(Es) = sg = tg = g∗(Et ). 
Proposition 3.8. For E ∈ Xw , let K = {⋂f∈H f −1([rf − ε, rf + ε]) |
⋂
f∈H f −1([rf − ε, rf + ε]) = ∅ for any H ∈
[D]<ω, ε > 0} be the BD-filter base that generates E . Then NE = {
⋂
f ∗∈H ∗ f ∗−1((rf − ε, rf + ε)) | H ∗ ∈ [D∗]<ω,
ε > 0} is an open neighborhood filter base at E .
Proof. It is clear that f ∗(E) = rf for all f ∗ ∈ D∗ and E ∈⋂f ∗∈H ∗ f ∗−1((rf − ε, rf + ε)) ∈ NE for any H ∗ ∈
[D∗]<ω , ε > 0. If E ∈ Xw −F ∗ for some F ∈ BD , pick a H ∈ [D]<ω and a δ > 0 such that E =⋂f∈H f −1([rf − δ,
rf + δ]) ∈ K ⊂ E and E∩F = ∅. For H ∗ = {f ∗ | f ∈ H }, let U =⋂f ∗∈H ∗ f ∗−1((rf − δ, rf + δ)), then E ∈ U ∈ NE .
We claim that U ⊂ Xw − F ∗: For any Et ∈ U , let f ∗(Et ) = tf for each f ∗ ∈ H ∗. Then for each f ∈ H , tf ∈
(rf −δ, rf +δ) and f −1([tf −γ, tf +γ ]) ∈ Et , for all γ > 0. Pick a σ > 0 such that [tf −σ, tf +σ ] ⊂ [rf −δ, rf +δ]
for each f ∈ H , then T =⋂f∈H f −1([tf − σ, tf + σ ]) ⊂ E, T ∈ Et and T ∩ F = ∅. So, Et ∈ Xw − F ∗. Hence
E ∈ U ⊂ Xw −F ∗. Thus, NE is an open neighborhood filter base at E . 
4. A Hausdorff compactification (Xw,k) of X
For each x ∈ X, the open C∗D-filter base Vx = {
⋂
f∈H f −1((f (x) − ε,f (x) + ε)) | H ∈ [D]<ω, ε > 0} at x is an
open neighborhood filter base at x. By the definition of convergence of P-filter in 12.E of [1, p. 83], it follows that
Ex converges to x in X. If a basic BD-filter Et converges to x, then x ∈ f −1([tf − ε, tf + ε]) ∈ Kt for all f ∈ D,
ε > 0. Thus, for each f ∈ D, f (x) = tf ; i.e., Et = Ex . Hence, Ex is the unique basic BD-filter that converges to x
in X. If x = y, since D separates points of X, there is a g in D such that g(x) = g(y). This implies that Kx = Ky and
Ex = Ey . So, if k : X → Xw is defined by k(x) = Ex , then k is well-defined and one-to-one.
Proposition 4.5. Let k : X → Xw be defined by k(x) = Ex . Then (i) k is an embedding of X into Xw , (ii) f ∗ ◦ k = f
for all f ∈ D, (iii) k(X) is dense in Xw .
Proof. (i) As the argument above, k is one-to-one. We show that k and k−1 are continuous: For any F ∈ BD , (a): x ∈
k−1(Xw − F ∗) iff (b): k(x) = Ex ∈ Xw − F ∗, and (b) iff (c): there exists an E ∈ Ex such that x ∈ E ⊂ X − F , thus
(a) iff (d): x ∈ X − F ; i.e., X − F = k−1(Xw − F ∗). Next, (X − F ) = k−1(Xw − F ∗) implies that k(X − F ) ⊆
(Xw − F ∗) ∩ k(X). If E ∈ (Xw − F ∗) ∩ k(X), since k is one-to-one, there is a unique x ∈ X such that E = k(x) =
Ex ∈ Xw −F ∗. Pick a T ∈ Kx ⊂ Ex such that T ⊂ X−F , then x ∈ X−F ; i.e., k(x) ∈ k(X−F ). Thus, (Xw −F ∗)∩
k(X) = k(X −F ). Therefore k and k−1 are continuous.
(ii) It is obvious from that f ∗(k(x)) = f ∗(Ex) = f (x) for all x ∈ X and all f ∈ D.
(iii) For any F ∗ ∈ τ such that Xw − F ∗ = ∅, pick an E ∈ Xw − F ∗, then there is an E ∈ K ⊂ E such that E = ∅
and E ⊂ X − F . Pick an x ∈ E, then x ∈ X − F ; i.e., k(x) ∈ k(X − F ) = (Xw − F ∗) ∩ k(X) = ∅. Hence k(X) is
dense in Xw . 
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⋂
f ∗∈H ∗ f ∗−1([rf − ε, rf +
ε]) = ∅ for any H ∗ ∈ [D∗]<ω, ε > 0} and let E∗ be the closed filter on Xw generated by K∗. Since k is one-to-
one and f ∗ ◦ k = f for all f ∈ D, so ⋂f∈H f −1([rf − ε, rf + ε]) = k−1(
⋂
f ∗∈H ∗ f ∗−1([rf − ε, rf + ε])) and⋂
f ∗∈H ∗ f ∗−1([rf − ε, rf + ε])
⋂
k(X) = k(⋂f∈H f −1([rf − ε, rf + ε])) for any H ∈ [D]<ω , H ∗ = {f ∗ | f ∈ H }
or any H ∗ ∈ [D∗]<ω, H = {f | f ∗ ∈ H ∗} and any ε > 0. Thus, for each given K or E as in Section 3, the K∗ or E∗
defined above is well-defined and vice versa. The K∗ or E∗ is called the closed C∗D∗ -filter base or the basic closed
C∗D∗ -filter on Xw induced by K or E . Similarly, if K∗ or E∗ is given, then K or E is called the BD-filter base or the
basic BD-filter on X induced by K∗ or E∗.
Proposition 4.6. For any basic closed C∗D∗ -filter E∗ on Xw , E∗ converges in Xw .
Proof. As the above argument, for K∗ and E∗ defined above, K = {⋂f∈H f −1([rf − ε, rf + ε]) | H ∈ [D]<ω, ε > 0}
is a well-defined BD-filter base on X and E , the basic BD-filter on X generated by K is in Xw . For any basic open set
U =⋂f ∗∈I∗ f ∗−1((rf − δ, rf + δ)) in NE at E , let E =
⋂
f ∗∈I∗ f ∗−1([rf − δ/2, rf + δ/2]), where I ∗ ∈ [D∗]<ω.
Then E ∈ K∗ ⊂ E∗ and E ⊂ U . Thus, E∗ converges to E in Xw . 
Theorem 4.7. (Xw, k) is a Hausdorff compactification of X.
Proof. First, we show that Xw is compact. Let G be a sub-collection of τ with the finite intersection property. Let
L= {⋂E∗∈H E∗ | H ∈ [G]<ω}, then L is a filter base on Xw . Let F be a closed ultrafilter on Xw such that L⊂ F .
By Corollary 2.4, there is a unique basic closed C∗D∗ -filter E∗ on Xw such that E∗ ⊂ F . By Proposition 4.6, E∗
converges to E in Xw . This implies that F converges to E too. Hence, E ∈ F for all F ∈F ; i.e., E ∈⋂{E∗ | E∗ ∈ G}.
By Theorem 17.4 in [1, p. l18], Xw is compact. Thus, by Lemma 3.7 and Proposition 4.5, (Xw, k) is a Hausdorff
compactification of X. 
5. The homeomorphism between (Xw,k) and (Z,h)
Let (Z, h) be an arbitrary Hausdorff compactification of X, then X is a Tychonoff space. Let ◦D = C(Z) be the
family of real-valued continuous functions on Z, and let D = {f | f = ◦f ◦h, ◦f ∈ ◦D}. Then D ∈ C∗(X) such that
D separates points of X and the topology on X is the weak topology induced by D.
Let (Xw, k) be the Hausdorff compactification of X obtained by the modified Wallman method in Sections 3 and 4.
For each basic BD-filter E ∈ Xw , let E be generated by K = {⋂f∈H f −1([rf − ε, rf + ε]) |
⋂
f∈H f −1([rf − ε, rf +
ε]) = ∅ for any H ∈ [D]<ω, ε > 0}. Let ◦K = {⋂◦f∈◦H ◦f −1([rf −ε, rf +ε]) |
⋂
◦f∈◦H ◦f −1([rf −ε, rf +ε]) = ∅
for any ◦H ∈ [◦D]<ω, ε > 0} and let ◦E be the closed filter on Z generated by ◦K. Since h is one-to-one and f =
◦f ◦ h, similar to the argument in the paragraph that preceded Proposition 4.6, if K or E is given, then the ◦K or ◦E is
well-defined and vice versa. ◦K or ◦E is called the closed C∗◦D-filter base or the basic closed C∗◦D-filter on Z induced
by K or E if K or E is given and vice versa. For any z ∈ Z, ◦Kz = {⋂◦f∈◦H ◦f −1([◦f (z) − ε, ◦f (z) + ε]) | ◦H ∈[◦D]<ω, ε > 0} is the closed C∗◦D-filter base at z. The closed filter ◦Ez generated by ◦Kz is the basic closed C∗◦D-filter
at z. Since Z is compact Hausdorff, each ◦E on Z converges to a unique point z in Z. Thus, define H :Xw → Z
by H(E) = z, where E ∈ Xw and z is the unique point on Z that the basic closed C∗◦D-filter ◦E on Z induced by E
converges to it. For Es , Et ∈ Xw , let Ks = {⋂f∈H f −1([sf −ε, sf +ε]) |
⋂
f∈H f −1([sf −ε, sf +ε]) = ∅ for any H ∈[D]<ω, ε > 0} and similarly for Kt such that Es and Et , are generated by Ks and Kt , respectively. Assume that ◦Es
and ◦Et converge to zs and zt , respectively. Then Es = Et , ◦Es = ◦Et , and zs = zt are equivalent. Hence H is well-
defined and one-to-one. For each z ∈ Z, let ◦Ez be the basic closed C∗◦D-filter at z, since Z is compact Hausdorff
and {⋂◦f∈◦H ◦f −1((◦f (z) − ε, ◦f (z) + ε)) | ◦H ∈ [◦D]<ω, ε > 0} is an open neighborhood base at z, thus ◦Ez
converges to z. Let Ez be the element in Xw induced by ◦Ez. Then, H(Ez) = z. Thus H is one-to-one and onto.
Theorem 5.1. (Xw, k) is homeomorphic to (Z, h) under the mapping H such that H(k(x)) = h(x).
Proof. We show that H−1 is continuous. Let F ∗ ∈ τ , E ∈ F ∗, ◦E be the basic closed C∗◦D-filter on Z induced by E .
Assume that ◦E converges to z in Z, ◦f (z) = rf for each f ∈ D and ◦K = {⋂◦f∈◦H ◦f −1([rf − ε, rf + ε]) | ◦H ∈
1168 H.J. Wu, W.-H. Wu / Topology and its Applications 155 (2008) 1163–1168[◦D]<ω, ε > 0} ⊂ ◦E . For any F ∗ ∈ τ , (a): E ∈ F ∗ iff (b): F ∩(⋂f∈H f −1([rf −ε, rf +ε])) = ∅ for any H ∈ [D]<ω ,
ε > 0, where
⋂
f∈H f −1([rf − ε, rf + ε]) ∈ K ⊂ E for any H ∈ [D]<ω , ε > 0. Since h is one-to-one and f = ◦f ◦ h
for all f ∈ D, (b) iff (c): h(F )∩(⋂◦f∈◦H ◦f −1([rf −ε, rf +ε])) = h(F )∩[
⋂
f∈H h(f −1([rf −ε, rf +ε]))] = ∅ for
any H ∈ [D]<ω , ◦H = {◦f | f ∈ H } or any ◦H ∈ [◦D]<ω , H = {f | ◦f ∈ ◦H } and any ε > 0. Since ◦f −1((rf − ε,
rf + ε)) ⊇ ◦f −1([rf − ε/2, rf + ε/2]) ⊇ ◦f −1((rf − ε/4, rf + ε/4)) for all ◦f ∈ ◦D and all ε > 0, thus (c) iff
(d): h(F )∩ (⋂◦f∈◦H ◦f −1((rf − ε, rf + ε))) = ∅ for any ◦H ∈ [◦D]<ω , ε > 0. But
⋂
◦f∈◦H ◦f −1((rf − ε, rf + ε))
is an arbitrary basic open neighborhood of z in Z. So, (d) iff z ∈ Clz(h(F )). Thus, E ∈ F ∗ iff H(E) = z ∈ Clz(h(F )).
Hence, H(F ∗) = Clz(h(F )) is closed in Z for all F ∗ in τ . So, H−1 is continuous. Since H is one-to-one and onto,
both Z and Xw are compact Hausdorff, by Theorem 17.14 in [1, p. 123], H is a homeomorphism. Finally, from the
definitions of k and h, it is clear that H(k(x)) = h(x). 
Corollary 5.2. Let (βX, h) be the Stone– ˇCech compactification of a Tychonoff space X, D = {f | f = ◦f ◦ h, ◦f ∈
C(βX)} and Hβ : Xw → βX is defined similarly to H as above. Then (βX, h) is homeomorphic to (Xw, k) such that
Hβ(k(x)) = h(x).
Corollary 5.3. Let (γX, h) be the Wallman compactification of a normal T 1-space X, D = {f | f = ◦f ◦ h,◦f ∈ C(γX)} and Hγ : Xw → γX is defined similarly to H as above. Then (γX, h) is homeomorphic to (Xw, k)
such that Hγ (k(x)) = h(x).
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